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1 Introduction 



Backward stochastic differential equations(BSDEs) was first introduced by Pardoux and 
Peng [8] in the classical linear expectation case. Since then on, a lot of works have been 
devoted to study BSDE theory and its applications. 

Based on BSDE theory, Peng [9] introduced the notion of g-expectation and conditional 
g-expectation which is the first dynamically consistent nonlinear expectation. 
' Then Peng [10] introduced the notion of G-expectation, which is a more general dynam- 

ically consistent nonlinear expectation, and the concept of G-Brownian motion, and then 
G> ! established the related stochastic calculus. The theory of G-expectation is intrinsic in the 
^ ' sense that it is not based on a given (linear) probability space, and it takes the probability 
^ ■ uncertainty into consideration. Drift uncertainty and volatility uncertainty are two typical 

^ ! situations of probability uncertainty. G-Brownian motion has a very rich and interesting 
new structure which non-trivially generalizes the classical Brownian motion. G-expectation 
theory has developed rapidly since the initial paper Peng [10]. Peng [11, 13, 14] studied 
the central limit theorem under sublinear expectations and obtained that the limit distri- 
bution exists and is just the G-normal distribution. Peng [12] and Peng [15] systematically 
developed the stochastic calculus under G-expectation. Xu and Zhang [19] studied the Ito's 
integral with respect to G-martingales and the Levy characterization of G-Brownian mo- 
tion. Gao [3] studied the path properties of the solutions of G-SDEs. Hu and Peng [5] 
studied G-Levy processes. Li and Peng [7] studied the Ito's integral without the condition 
of quasi-continuous and on stopping time interval, and generalized the Ito's formula to gen- 
eral C^'^-function. Denis, Hu and Peng [2] and Hu and Peng [5] studied the representation 
theorem of G-expectation and its application to G-Brownian motion paths. Soner, Touzi 
and Zhang [17], Song [18], Hu and Peng [6], and Peng, Song and Zhang [16] studied the 
G-martingale representation theorem. 

G-Brownian motion has independent increments with identical G-normal distributions 
which means it can characterize the volatility uncertainty. And a very interesting new phe- 
nomenon is that its quadratic process generally is not a deterministic process but a stochastic 
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process which also has independent increments with identically maximal distributions. So 
the stochastic differential equations driven by G-Brownian motion(G-SDEs) of the following 
form 

Xs = b{s, Xs)ds + h{s, Xs) : d{B)s + 9*{s, X,)dB,, t e [0, T] 

will carry the characteristic of both mean uncertainty and volatility uncertainty. Peng [10] 
proved the existence and uniqueness of the solutions of such G-SDEs. Gao [3] gave some 
moment estimates and Holder continuity results of the solution of G-SDEs. However the 
corresponding problems for backward stochastic differential equations are not completely 
solved. Peng [15] give partial results to this direction, i.e., the following type of G-BSDE: 

Yt = E[^+ r f(s,Y,)ds+ r h{s,Ys):d{B),\nt],te[0,T]. 
Jt Jt 

has a unique solution if the coefficients /, h satisfies Lipschitz condition. Hu, et al (2012) 
prove the existence and uniqueness result of the following G-BSDE 

Yt = C+ [ f{s,Y,,Zs)ds+ [ g{s,Y,,Zs):d{B),- [ Z^dB^ - {Kt - K^) 



by applying the partition of unity theorem to construct a new type of Galerkin approxima- 
tion. 

The aim of this paper is to give some kind of apriori estimates of G-BSDE 



Yt = e+ f{s,Ys,Zs,Vs)ds+ gis,Ys,Zs,Vs) : d{B)s-J^ Z:dB,+ G{r]s)ds-- r/, : d{B), 
or, equivalently, the differential form 
-dYt = fit, Yt, Zu r]t)dt + g{t, F„ Z„ r/^) : d{B)t - Z^dB^ + G{iit)dt - ^Vt : d{B)t, Yt = ^, 

and under a very strong condition, we get the G-martingale representation theorem, and the 
existence and uniqueness of the solution {Y, Z,ri). 

The rest of this paper is organized as follows. In section 2, we introduce the notations 
and definitions. In section 3, we give some kind of apriori estimates. In section 4, under 
a very strong condition, we get the G-martingale representation theorem and the existence 
and uniqueness results of the solutions of G-BSDEs. 



2 Preliminaries 

For any n x d dimensional matrices 7,7, define 

7:7:= ^^^(7*7), I7I := V7 : 7, 
where 7* denotes the transpose of 7. 

For a dimension d, let M'^, E>'^, and D'^ denote the sets of d-dimensional column vectors, 
d X d-symmetric matrices, and d x d-diagonal matrices respectively. For ai,a2 € S'^, cti < 
(T2(resp. ci < (72) means that o"2 — cri is nonnegative(resp. positive) definite, and we denote 
by [o"i,a"2] the set of a G S'^ satisfying (Xi < a < a2. For G W^, < means that 

each element of is less or equal to that of that is < ^f,i = 1, . . . ,d. We use to 
denote the d-dimensional zero vector or zero matrix, and Id the d x d identity matrix. And 
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for 7, 7 G E>'^, we have 

I7 : 7I < I7II7I, and — 7 < 7 < 7 implies that I7I < |7|. 

Let K"^'^^^ denote all r] = (77^,...,?]")* with 77*, z = l,...,n being d x d matrices. 
When r]^,i = l,...,n are symmetric matrices, we use instead of when 

?7* = diag{ri^''^, . . . , r/*'*^), i = 1, . . . , n are diagonal matrices, we use D"><<^^'^ instead of 
and when n = 1, we use D'^ instead of For any symmetric matrix 7, define 

: 7 = (ryi : 7, ...,r/" : 7)*, 
with ?7* : 7 = tr((77*)*7), ? = 1, . . . , n. Now we define an operator -, such that 

n 
i=l 

n 

nnxdxd 



1=1 



and 



Define 



^ ^ : 7 = : 7, if e e M^r/ G R"X'^x^7 G S'^. 



i=l 



\v\ 

and G(?7) = {G{ri^), G(?7"))* where 



E?7* : ?7% if ?7 G 
\ i=i 



bnxdxd 



G{vl:=l: sup {a':v^). 

^ 0-2 £[^2, 5-2] 

Let n = C([0,oo],M'^), J" = B{n). G-expectation E is a sublinear expectation on the 
canonical space Q such that the canonical process i? is a G-Brownian motion. We assume 
the increment -St+s — Bf is A^({0} x Ss)-distributed, for each t,s > 0, where E is a bounded, 
convex and closed subset of S'^. 

Define 

G{A) := -E[{ABi,Bi)] = - sup tr[Aa^],Ae S'^. 
2 2 ^2g£ 

We assume Bf = {Bl,...,Bf)* satisfies that for each fixed t, Bl,i = 2, ...,n is in- 
dependent from Bl~^,...,Bl. Then it is easy to prove that the matrices in S will be 
diagonal matrices, i.e., any G S, cx^ = diag{af^, . . . ,a^j^), with af^ G [g^i.o'fii, where 
a| = -'E[-B{B{],afi = E[B{B{]. In the following, we denote = diag{al^, . . . ,a:^„), and 

= diag{aj^^,...,aU. 

Assume B is another G-Brownian motion without the independence assumption, then 
Bt+s — Bt ^({0} X Es) where S is a bounded, convex and closed subset of S"^. Define 

G{A) := \t[{AB,,B,)] = \suvtr[AQlA^ §f 

Denote Q = {qij),Q = iQ^j),Q = iQij), where q.. = inf qij = -E[-B[Bl], qij = supqij = 
E[BiB(]. 
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Denote Xi = B\,i = l,...,d and X = {Xi, . . . , Xd)* ■ Let P be a matrix, and let 
Y = PX , then 

^E[{AY,Y)] = ^E[{APX,PX)] = ^E[{P*APX,X)] 
= - sup tr{P*APa^) = G{P*AP). 

2 tT26S 

We let the elements in matrix A = (aij) take the following values. For given i,j = 1, . . . ,d, 
we let ttij = ttji = 1, ttki = 0, if k, I = 1, ... , n, {k, I) ^ (z, j) and (j, i), and then 

n 

sup \\viiV3i + PjiPii)(^u = 2E[YiYj],i, j = l,...,d. (2.1) 
If we let the 1 in above procedure be replaced by —1, then we get 

n 

M y^ipaPji + PjiPii)(Tfi = -2E[-Y^j],i,j = l,...,d. (2.2) 

1=1 

So as long as there exist matrix P and diagonal matrices set S such that (12. ip and (12. 2 p hold, 
we can constructjandom vector Bi = Y = PX whose covariance matrices set is E such that 
any Q = {qij) G S, q < < q^ where q = inf qij = -E[-BlBl], qij = sup qij = E[B{Bl]. 

We denote Q = (q..), Q = (qij). 

So in this paper we assume for each fixed t, Bl, i = 2, . . . , dis independent from Bl~^, . . . , B^. 
Hence S is bounded, convex and closed subset of diagonal matrices 3'^. 

Let (B) denote the quadratic variation of B such that BB* — (B) is a G-martingale. 
Since for each fixed t, Bl,i = 2, d is independent from Bl~^ , . . . , Bj, we can let {B)t be 
a diagonal matrix for every t. 

For each fixed T > 0, let 

Lipinr) := {ip{Bt„Bt„ . . . , BtJ : Vn > 1, ti, . . . , G [0, T], V(/. G Cz,Lip(K''^")}. 

For fixed p > 1, define a norm on LipiVlT) 

iier,.(.,)=(E[m)^, 

and denote //^(fi^) be the closure of Lip^Qx) under the norm || ■ Hl? (^r)- 
denote the Banach space under the norm || X \\p:= (E[|^|p])p. 
Denote Mg'" be the space with appropriate dimension of elementary process, 9t = 
Y17=o ^tAiu,u+i)(t) with each component of 9t^ being in L^(fit.). Define norm 

\\9\\l^,= E[r \et\^dt],9eMPf, 
° Jo 

and let denote the closure of Mq under the norm || ■ H^j-p- 

In the following, denote Mg(M'^) (respectively, Mg(M'^^") and Mg(M"^''^'^)) the complete 
normed space under the norm || ■ \\j^p with M*^ (respectively, M"^^" and M"^'^^'^)-valued pro- 
cesses. 

For /3 > and r] G Mq, we let Mq^ denote the space Mq endowed with the norm 

|hH|,4,.:= I^E[j\^'\rj,My . 
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It is proved in Denis, Hu and Peng [2] that there exists a weakly compact family V of 
probability measures defined on {VL,B{Vi)) such that 

oo 

E[X] = sup Ep[Xl for X G Lip(fi) = I J L,p(fi„)- 

P^-P n=l 

The natural choquet capacity is defined as 

c{A) ■= sup P{A), for A e B{n). 
p&v 

DEFINITION 2.1. A set A is polar if c{A) = and a property holds "quasi- surely" (q.s.) 
if it holds outside a polar set. 

Let's denote = mini<i<rfa,2, and a^^^, = maxi<i<d a^^. 



3 Some Apriori Estimates of G-BSDEs 

Consider the following G-BSDE 

^t = i+j f{s, Zs, Vs)ds+ j g{s, Ys, Z„ r/,) : d{B),-j Z:dB,+ j G{r^s)ds-]^ j rj, : 

'(3.1) 

or, equivalently, 

-dYt = fit, Yt, Zt, Vt)dt+git, Yt, Zt, rn) : d{B)t-Z;dBt+G{r]t)dt~Uit : d{B)u Yt = ^, (3.2) 
where 

The terminal value is an J-^- measurable random variable, ,^ : 1] i— M". 

The generator / maps x R+ x M" x M'^ ^ " x ^ ^ onto M" and is i3 ® -B" ® -B"' ^ " ® i3" ^ '^^ 
measurable. 

The generator g maps x M+ x M" x M^^" x D"^^^"^ onto W"^""^ and is ® S"^^" ® 

^nxdx (^-ixieasur able . 

Here B is the cx-field of predictable sets of f2 x [0,T]. 

Suppose that ^ G L%{VLt), f{-,y,z,'r]),g{-,y,z,'r]) G for each y eW,z e R'^''",?] G 
pnxdxd^ and f,g are uniformly Lipschitz; i.e., there exists C > such that for every t 

\f{u,t,yi,zi,r]i) - fiuj,t,y2,Z2,r]2)\ < C{\yi -yal + \zi - Z2\ + Im - r/al), V(?/i, 2i, ?7i), V(y2, 2^2, ^72), 

\g{u,t,yi,zi,rii) - g{uj,t,y2, Z2,r]2)\ < C{\yi - y2\ + \zi - Z2\ + \vi - ?72|), V(?/i, ^i, 771), V(2/2, 2:2, ??2). 
Then we say f,g) are standard parameters for the G-BSDEs. 

LEMMA 3.1. yr] G M^(D"^^^'^), yO<t<s<T, we have 

\Vr\dr, (3.3) 

PS PS PS PS PS 

/ {r]ry : a^dr- / {r]r)~ : a^dr < rjr : d{B)r < / (VrV ■ o'^dr- I (r/,.)" : o^dr, (3.4) 
Jt Jt Jt Jt Jt 

where K is a constant, r]~^ = ((r^^)"*", . . . , (77")+)* with (77*)"*" = diag{{rj\)^ , . . . ,{rf^^),i = 

1, . . . ,ri, and r]~ = ((?7^)", . . . , (?7")^)* with (77*)" = diag{{vi\)~ , (t/^)^),^ = 1, . . . ,7i. 
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Proof. Notice that the terms in (13. 4p are vectors, and the inequahties are for every 
elements of the vectors. It is easy to prove that (13. 3p and (13.41) hold for r] G Mq^ (ID)^^'^^'^) . 
Continuously extend them to the case r] G Mq{W'^'^^^) and we get (13. 3p and (13.41) . 



THEOREM 3.2. ^, C G M^, OsXs 

are continuous quasi-surely about s, and || 9 \\m'^- 
C lU/^T^ 0. Then there exists a sequence of /3{i) — oo, as i ^ oo, such that 



^■'t ^ =0 (3 5) 

Proof. G M2, there exists ^" 9,n ^ oo, with 9]^ = 'E^^f^^ ^s-Msf,s^^,){s), 

e^n G L2(f],n), s^J = t, = T. Then 



And 



lim E[ / e^'{9':yds] =E[[ e^'9lds],yp > 0. 
E[ J e^'{9'^Yds] 

=E[ e'^^ 5^(^:,o'i[.r.^iv.)(^)^^] 

< max E(e" )2 / e'^'ds. 

Let C„ = max E(9^nY. Since 11 6' 11 ^2 7^ 0, there exists n large enough such that C„ 7^ 0, 
and 

E 



— Al'^ — — 

By the same reason, there exists C" — ^ (,n ^ 00, with (^J' = J2i=o~ Cs"'^ls'^,sf_^i)i^) 
Qn G L2(fi,n), s[J = f, = T, such that 

limE[/ e^'{Cfds]=E[ [ e^Xsds],^/^ > 0. 

Let iC:Y = E-=o"'(Q)'l[.r,<Vi)(^) + i Then (Q? > n = 1, 2, . . ., and 



71— >00 



hm E[ r e^\Q:fds] = E[ T e^^C'^s], V/3 > 0. 
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Let Dn = - max {Ef-fCO^l}. Then < D„ < oo, and 

r-T 



M„-l „n_^ 



i=0 

<0 



Hence 



Let 



Then 



e^\Cfds\>Dnj^ e^'ds,n= 1,2,.... 



mite^^iQyds] 



For any n G N such that C„ 7^ 0, let 



then 



Denote 



= n^>0, (3.6) 

^ ^ E[j;'e^^->{e:rds] ^ i 



/3(n)E[/f e/5W^C'f^5] 

"~ E[/f e/3W«^2^s] ' 
E[/Je^W^(C)2rfs 



Then 



Tn = -^Bn. (3.^ 



We say /„, n = 1, 2, . . . is bounded. Otherwise there exists subsequence — )■ 00, z — )■ cxd, 
which means ' ^ „, , \ — ; )■ 00, i — )■ 00. Then for any M > 1, there exist / > 0, such 
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that when i > I, 



Let 6*"* = X]il"o ^ ^s'i'^[s^,s^_^-^){s). Then 0"' and 6^^ are measurable on product measurable 
space {[t,T] x Q,B[t,T] x J^), since ^^^n and 6*"™ are measurable on i3[t,T] x J^. 

Because 6s is continuous quasi-surely about s, limj^oo ^"'(^) — ^s{i^),q-S-, and 9s{uj) is also 
B[t,T] X measurable. 

For i > I, let El^, x E^^, = : \e^^{oj)\ > yM|^,(w)|}. Then 



T 



-EL ■ 



ds]. 



A/2 

While r — ^ 9,n ^ oo, hence £[1^2 , / i {Ol'^fds] ^ 0, z ^ oo, which means ^i{Elj i)c{Eli ^ 

0, z — )■ oo, where fi is the Borel measure and c is the Choquet capacity defined by c{A) = 
suppgp -P(^), for A G J-". So 

E[ /" e^("»)*(6'^0^f^s] > ME[ I e^("»)'6'2ds], for alH > / 
Jt Jt 

is impossible. 

Similarly, we can prove any convergent subsequence 1^, r- ^ oo,i ^ oo, therefore 

Im 0,i ^ oo. And m„ is bounded by the same reason. 

Since ln,n = 1, 2, ... is bounded, there exists convergent subsequence. Let nfc^, i = 1, 2, . . . 
be a subsequence of Uk^k = 1,2, . . ., such that ln^_ — j- a 7^ 0, z — )■ oo. By (13. Sp . we have 



limi^oo?;^ = 0. 



COROLLARY 3.3. In the proof of theorem iS.Sl /3{n) can be any real number such that 

/3H > > 0. (3.9) 

Hence we have 



m^ef^'O^ds] 



hm „ 

/3E[/; e^'Qds] 



0. 



(3.10) 



PROPOSITION 3.4. Let ((f , f\ g%i = 1, 2) be two standard parameters of the G-BSDE 

and {Y\ Z\ rf) be two solutions in space M^(M") x M^(M'^^") x M^(D"^'^^'^) satisfying: 

i) Y^,r]l,i = 1,2 are continuous in t quasi-surely; 

a) IfY^ = Y"^ , t — a.e.,u — q.s., then rj^ = rf , t — a.e.,u — q.s.. 

Put 6Y, = Y,'-Y^, 5Z, = Zl-Zl 6vt = vl'Vl Sft = f\t, Y,\ Z\, ri\)-f\t, Y^ Zl rf), 
and 6gt = g^{t,Y^^ , Zl ,r]l) — g'^{t,Yf, Z^,r]^). There exist (3o{6Y,Sr]) such that when (3 > 
f3o{SY,6r]), it follows that 



6Y \\i.2.B< 



^ iLmin 



ef^^E\5YT\^ + ^\\5f 



1 2 I " max 



Hi, 



e^^n5YT? + -^\\ Sf II 6g ||U 



(3.11) 
(3.12) 



II 



M < 

cri 



e^^E|5FTp + 4 II ^/ 



I 2 1 ^max 

, r2„S i ^ 



'AC 



(3.13) 



Proof. Let {Y,Z,r]) G M2(M") x M2(M'^x") x (D"X'^>^'^) be a solution of Then 
by (13. 3p . there exists a constant K > such that 

\Yt\<\C\+K [ \fis,Y,,Z,,v,)\ds + K [ \gis,Y,,Zs,Vs)\ds 
Jo Jo 



T 



T 



+ sup I / Z:dBs\+K / |G(?7,)|ds + K / \r]s\ds 

0<t<T Jt Jo Jo 

It follows from Burkholder-Davis-Gundy inequalities that there exists constants < A;2 < 
K2 < 00 such that 



koE 



T 



{Z^ZD : d{B), 



< E 



sup 

0<t<T Jo 



Z*dB,\'^ 



< K2E 



{Z,Z:) : d{B), 



Since {B)t, and cr^ are diagonal matrices, only the diagonal elements works in the oper- 
ation :, so by (13. 4p . we have 



koE 



I {Z,Z:):a^ds 
Jo 



< E 



sup 

.0<t<T Jo 



z:dB.. 



< 



[ {Z,Z:):a^ds 
Jo 



Hence supo<t<7- \j Z*dBs\ G L2, and / \G{r]s)\ds, j \r],\ds E L%{nT)- Since {iJ,g) are 



standard parameters, |^| + \ f{s,Ys, Zs,iris)\ds + \ g{s,Ys, Zs,r]s) : d{B)s\ belongs to 
Lq^Qt) too. So we have supQ<j<'p \Yt\ G L^. 

Applying Ito's formula to e^^^l^y^p (Li and Peng [7]), we have 



T 



(3e 



I3s 



\6Ys\^ds + e^'bZ.bZl : di^B) , 



=ef'^\bYT\^ + ^ lef'^bY, ■ {f\s, Y^ Zl ri]) - f{s, Y^ Zl y^l))ds 

+ 2e^^5Y, . {g\s, Y^Z], r^]) - g\s, Y^ Zl rf,)) : d{B), - 2e^'6Y:6Z:dB, 

+ [ 2e^'6Ys-{G{vl)-G{ril))ds- [ e^'6Y, ■ 6ri, : d{B),. 
Jt Jt 

(3.14) 

Since 6Y G M^{W),5Z G M^(R'^^"), el^'SY^dZ* G M^, the stochastic integral 2e^'6Y;6Z*dBs 
is well defined. 

If E[/f e/^'ldYsl^ds] = 0, then e'^^l^y/ds = 0, u - q.s., and 6Y = 0,t- a.e.,u - q.s., 
by ii), E[f^ e^'\6r]s\'^ds] = 0. And from IKWf 

E[j\^'5Zs5Z: : d{B),] < E[e^'^\5YTW 



Since 



^Ln^ e^'\5Zs\''ds< e^'5Z,6Z::d{B), 



we have IKT2^ . 

lfE[J^ e^'\6Ys\'^ds] ^ 0, for given /3, and iY\r]%=i^2, there exists C(/3, {Y\r]')i=i^2) such 
that 



and further 



Hence 



And then 



(3.15) 



(3.16) 



(3.17) 



2eP'5Y, ■ {G{ri]) - G{ril))ds - ^ e^'SY^ ■ 6rjs : d{B),] 

=Ci(3, (r,,70.=i,2)E[^^e'^15y/d5] - aL„E[y^''e'^1577/6?s]. 
From fl3.14p . we have for any constants /i, i^, 

+ ^ e^'\5gs\^ds - 2e^'5Y:5ZldB, 

+ 2e^'5Y, ■ {G{t,1) - G{r,l))ds - e^'5Y, ■ Sr,, : d{B),, 
rther 

<e^^\5YT\^ + \ I e^^|(5/,|'rfs + ^ I e^^|(5^,prfs- / 2e'''5Y;SZ*dBs (3.18) 
Jt ^ Jt Jt 

+ f 2e^'5Y, ■ {G{r,l) - G{r,l))ds - /^e^^<5y, ■ 5?7, : d{B),. 
Jt Jt 



<e^^E[|5FT|'] + r e^^\5f,\Hs\ + ^E[ e^'\6gfds] (3.19) 
+ C(/3,(y\r^0^=i,2)E[^ e^^n|2ds]-aL„E[^ e^^l^ry.l^ds]. 

(/3 - ^2 _ ^2-2^^^^ _ ^^^^ (r,^^)^^^^2))E[ r e^^m'ds] + al,^,E[ f e^^\5ri,\'ds] 

T -2 T (3-20) 

<e^^E[\6YT\'] + ^E[[ e'''\Sfs\'ds] + ^E[[ e^'\6gfds]. 

Jt ^ Jt 
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\Ci/3,iY\v%=,,2)\ 



(3.21) 



By corollary 13. 3[ 



lim = 0, 

so we can always choose /3o(5y, 5r;) large enough such that when j3 > I3q{5Y,5vi), for any 
given ^, z., /3 - ^2 _ ^2^2^^^ _ ^^^^ ri%=^^^) > ql,^. By (jS^DD, we get (jMl]) and dSH. 

By fl338|l . if C(/3, {Y\v')i=i,2) < 0, obviously we have (Kl^ . 
Otherwise, it is easy to test that 

j\e^'5Y, ■ {Gi'nl) - G{ril))ds - j^^ e^'^Ys ■ Svs : d{B)s 

—min J t J t 

SO by fl3.18p . we have 

e^'\5Yt\^ + z/^aL,) e^'\5Y,\^ds + e^'5Z,5Z: : d{B)s 

<e^^\5YT\^ + \ I e^'\5fs\''ds + ^^ I e^^|5(7,prfs - / 2e^'5Y:5ZldBs (3.22) 

+ 5^^ r e^^\SYfds + 2al,^ e^^\6rjs\'ds, 

—min Jt Jt 



—min J t Jt 

and then 

^4 rT 



e(^'\SY,\' + {P-fi'-iy'al,,-5^) [ e^'\6Y,\'ds + [ e^'6ZJZ: : d{B), 

—min Jt Jt 

<e'^^|5yTr + ^ [ e^'\5fs\^ds + ^ I e^'\5gs\^ds- I 2e^'5Y:5Z*dBs (3.23) 

A* it ^ Jt Jt 



+ 2al,,^l\^^Sr,,\'ds. 
We choose /3 large enough such that [5 — 11^ — i^'^fJ^ax ~ > 0, then we have ( I3.12p . 

—min 

REMARK 3.5. 

By the proof of theorem 13. 4[ we also have 



E[ sup l^y^l^] < E[ sup e^'\5Yt\^] < 3 
o<t<T o<t<r 

REMARK 3.6. 



e^^mYr\f + -,\\ Sf Wl,.. +% II 6g ||^^,, 
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Let ^ G LipiytT), and Mt = Et[^]. by Peng [15], there exist Z^i] such that 

Mt = ni] + I {ZsYdBs-lf G{r].,)ds-]- [ r/, : (3.24) 
Jo Jo ^ Jo 

where Mt, r]t,i = 1,2,... are continuous in t quasi-surely, and if M = 0, t — a.e., u — q.s., 
then T] = 0, t — a.e.,u — q.s.. 

Then (M, Z, rj) is the solution of G-BSDE 

= e - j\zXdB, + jT^ G{vs)ds ' I j\s : d{B), (3.25) 

with parameter (^, 0, 0). 

By proposition 13. 4^ there exist /3o(M, r/) such that when (3 > f3o{M,r]) 

II M IIL.. + II Z Hi,.. + II V \\l,..< J-e'^nei (3.26) 

G G G 0.jnin 

Hence fio^M^rj) and M,Z,r) are uniquely determined by ^, and we also denote (3o{M,r]) as 
/3o(0- 

For any ^ G //^(fiy), there exist G LipiVlT) such that )■ C,,n ^ oo. For each pair 

?T,,m, there exist (3o{^"' , C,"^) such that when (3 > /3o('C") ■C™)? "^g have 

II - ||2 , + II - Hi,,., + Ih^ - 77"^ ||i,,.,< -^e^^E[{C - e'")']. (3.27) 
Define 

£^(^2^) = G L^(f2T) : there exist ^" G LipiVtT) and /3 < oo such that 

^2 (3.28) 
r ^ oo and ^o(r, O < /3, n, m = 1, 2, . . .} 



4 G-martingale representation and existence and unique- 
ness of G-BSDEs under a strong condition 

THEOREM 4.1. For any ^ G CI;{Qt), denote Mt = Et[^], then there exist unique {Z, r]) G 
M^(M'^) X Mg(©'^^^) such that 

Mt = Mo + ZldB, - G{'n,)ds - ^ ^ : d{B)l (4.1) 

Proof. For any ^ G £^(f2r), there exist ^" G Lip{VLT) and /3 < oo such that ^"^ — ^ ^ 
oo and /3o(C") < 77 = 1, 2, . . .. For every by Peng [15], there exist M", Z", 77" such 
that 

M^ = E[c] + [\z:rdB, - [ fG{^:)ds - \ [\: ■. d{B),], (4.2) 

Jo Jo Jo 

M", 77", i = 1, 2, . . . are continuous in t quasi-surely, and if M"^ = M", t — a.e.,u — q.s., then 
?7™ = 77", t — a.e.,u — q.s.. 

Then (M'^, Z'^, 77") is the solution of G-BSDE 

M- = c- j\z:ydB, + Giv:)ds v: ■■ d{B)s (4.3) 
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with parameter (^", 0, 0). 

By proposition 13 .4^ we have when /3 > 



- Wl^,, + II - 11^^,, + Ih'" - r/" |p^^,,,< e^^^ || C - T lll^, 

G G ^min 

and consequently, 

II - 11^. + II - z" 11^,. + ih- - iiL^< e^"^-^ II r - r iiig, • (4.4) 

—min 

Let f3 = 13, then fl4.4p holds for the constant (3 and m, n = 1,2,..., and {M"- , Z"' , rj'^) is 

a Cauchy sequence in M,!, so there exist {M,Z,ri) such that (M", Z", 77") )■ (M,Z, 77). 

Since 



we have G{rj^)ds — y G{r]s)ds. By Denis, Hu and Peng[2] proposition 17, there exists 
a subsequence j'^ G{rf^^)ds — )■ G{ris)ds,q.s.. Similarly, there exist a subsequence 
converging to ^ quasi-surely, a subsequence {Zs )*dBs converging to Z*dBs quasi- 

surely, and a subsequence rjs ' : d{B)s converging to rjs : d{B)s quasi-surely. For 
simplicity, we denote the index of the quasi-surely convergent subsequences as k. Then 
^ Mt,k-^ 00, q.s.. 

Since (M",Z",77") satisfy gl]), (M, Z, 77) satisfy gl]), q.s.. 
The uniqueness of {Z^rf) follows from proposition 13. 4[ 

THEOREM 4.2. Given standard parameters f, g), let'^{y, zX) = ^+Ji'^ f{s,ys, Zs,Cs)ds+ 
J^^ g{s,ys,Zs,Cs) ■■ d{B)s. Suppose for any {y,z,C) e M2(R") x M2(R°'x") x M^{3'''"^'"^) , 
^(7/,z,C) e CKQt), and there exists /3 > 0, for any {y, z,C), {y', z' ,(') G M^(M") x 
M^(M'^^") X M|(ro"^'^^^), /3o(^(7/,^,C),^(2/',2',C0) < ^> then there exists a unique triplet 
iY,Z,r]) e M2(M") X M2(M'^x") X (©'^x'^x'^) which solves G-BSDE^ m the sense of 
V-q.s., and Y is a V-q.s. continuous process. 



Proof. Firstly, we prove there exists a mapping from M^(M"') x Mg(M'^xn) x M^(D"X'^xd-j 
into Ml{W) X M^(M'^xn) ^ M5(©"xdxd)^ 

$: (y,^,C)^(l^,Z,7/) 

where (F, Z, 77) is the solution of the G-BSDE fl3.1l) with generator /(t, yt, zt, Ct), g{t, yt, Zt, Ct), 
i.e., 

1 '■^ 



Yt = ^+I f{s,ys,ZsXs)dt+ I g{s,ys,Zs,Cs):d{B),- I Z:dB,+ j Givs)ds-- j ijs : d{B), 



Since C + f{s,ys,Zs,Cs)dt + g{s,ys, Zs,Cs) ■ d{B)s E C Ll;, we can define a 
G-martingale Mt := E^^ + f{s,ys, ZsXs)dt + g{s,ys, ZsXs) ■ d{B)s\. By theorem HTH 
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there exist unique (Z, r/) G M^(M'='^") x M^(D"^'^^"') such that 

Mi = Mo+ [ ZldBs- [ G{r]s)ds + l [ r]^ : d{B)s,V - q.s. 
Jo Jo ^ Jo 

Since for every s G [0,T], (i?)^ is a diagonal matrix, only the diagonal elements enter the 

operation :, so the uniqueness of ri means the diagonal elements is uniquely determined. 

Hence we choose 77 to be a diagonal matrix process. 

Define the process Y by 

Yt = Mt- f{s,ys,Zs,r],)ds- g{s,y„ z,,r]s) : d{B)„ 
Jo Jo 

which is P-q.s. continuous by Li and Peng [7]. And Y is also given by 

Yt = Et[^ + j^ f{s,y,,Zs,Cs)dt + g{s,y,,z,,Cs):d{B)s]. (4.5) 



So 

Yt + I Z:dBs - I Gir]s)ds + i- I r]s: d{B), 



T rT ^ 



--Mo+ f Z*dBs- I G{r]s)ds + ]- f r]s-d{B)s- [ f{s,ys,Zs,'r]s)ds- f g{s,ys, Zs,r]s) : d{B), 
Jo Jo Jo Jo Jo 

--Mt- f{s,y„Zs,'ns)ds- g{s,ys, Zs,Vs) ■ d{B)s 
Jo Jo 

/ f(,s,ys,Zs,'ns)ds+ g{s,ys,Zs,r]s) : d{B)s,V - q.s., 
Jt Jt 



't 

which is 



Yt = i+j^ f{s,ys,Zs,Cs)ds+ g{s,ys,Zs,Cs) ■■ d{B)s- Z*dB,+ G{r]s)ds-^ r], : d{B)s. 

By (14.51) . we have supo<t<T' \ Yt\ G L^. 

Let {y\z\C), {y^,z'^,C) be two elements of M^(M") x M^(R'^>^") x M^(D"^'^^'^), and 
let (Y^, Z^, rj^) and (Y^, Z"^, rf) be the associated solutions. Since /(y, z, C), g{y, z, Q do not 
contain Y, Z, r], applying proposition | 



IlLy + II IlLy + II IlLy 



5 

< 



r-T 



—mmr" 



E / e^Vi^,yl,zlCl) - f{s,ylzlO\'ds] 
Jo 

E r e^'\g{s, yl, zlXl) - g{s, yl zl 0?ds]. 
Jo 
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Since /, g is uniformly Lipschitz in y, z,(, 

II III- + II iiL.. + II \\l,..< ^ + ^) [II IIL- + II IIL- + II IIL-]' 

where is a constant. By the proof of proposition 13.41 we can choose /i, u large enough 
such that 

5K f 1 1. 

< 1, 
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and then the mapping $ is a contraction from M^(M'") x M^lW^^"-) x Mq{3"-^'^^'^) onto 
itself and there exists a fixed point, which is the unique solution of the G-BSDE. 
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